CONCURSUL INTERJUDETEAN DE MATEMATICA ,,SIGMA”
EDITIA A XXVII-A
06.05.2023

Clasa a Xl-a

Subiectul 1. a) Fie A € M, (C). Demonstrati ca Tr(A) = 0 daca si numai daca
det(A — I,) = det(A + I,).
b) Fie A € M, (C) astfel incat det(4* — I,) = det(4* + I,) pentru k € {2022,2023}.
Demonstrati ci A% = 0,.
Solutie
a) Fie f,(X) = det(4 — X1,), deci f4(1) = f4(—1) se obtine Tr(A) = 0 eovvvvvvvvvrreranns (3p)
b) Daca 44, 1, sunt valorile proprii ale matricei A4,
atunci Tr(4%) = A% + A% = 0, pentru k € {2022,2023}
se obtineA; =4, =0
atuncidet(4d) =24, -1, =0, reulti A2=0, s (4p)

Subiectul 2. Fie x4, y; € (0, ) si sirurile (x,)ns1, (Vn)n>1, definite prin relatiile de recurenta
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Calculati
im Xn*Yn +xn+1 *Yn +"'+x2n *Yn
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Solutie
n
D me=T i, n21 (1p)
k=1
Daca p,, = 2721:;1 . EZ: e T n = 1, atunci
2 (2p)
xn+xn+1+---+x2n=§-xn-[pn-2n—2n+1], n>1
3
Yn+yn+1+"'+y2n=§'(n+1)'yn’ n=1 (1p)
lmxn'yn+xn+1'yn+"'+x2n'yn lim yn'(x + Xppqg o +x2n)
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Cum lim p,, = V2 se obtine
n—->oo
Xn*Yn + Xng1 Yn + o+ Xop - 8 (1p)
lim n " Yn n+1 " Yn 2n Ynz_(\/z_l)
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Subiectul 3. Fie sirurile (x,)p>1 Si (@n)ns astfel incét x,, > 0 si a, > 0 pentru oricen > 1
st lim a,, = 0.

n—-oo

Dacai cele doua siruri verifica egalitatea
e*n +sinx, = 1+ a, pentru oricen > 1,

calculati
. xn
lim —.
n—oo an
Solutie
Fie f:[0,0) — [0,2), f(t) = et +sint — 1
Arata ca f este bijectiva (4p)

Din f(x,)) = a, rezulti x, = f~1(a,), deci
lim x,, = lim f~(a,) =0
n—-oo n—->oo

se obtine
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